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- [19] $\langle$ $([3],[15],[16])$
$\alpha$-power mean Hilbert $A,$ $B$ $\alpha\in[0,1]$
$A\#_{\alpha}B=A^{1}\mathfrak{T}(A^{-_{\mathfrak{T}}^{1}}BA-_{\mathit{1}}^{1})^{\alpha}A^{\frac{1}{2}}$
$\alpha$-Power mean
$A^{-2r} \#\frac{1+2_{\Gamma}}{p+2\tau}B^{P}\leq A^{-2r}\#\frac{1+2r}{\mathrm{p}+2\mathrm{r}}A^{P}$ , for $r\geq 0$ and $p\geq 1$ .
$\alpha$-yver mean [16]
Satellite theorem of the Furuta inequality: If $A\geq B$ , then
$A^{t} \#\frac{1-l}{\mathrm{p}-l}B^{\mathrm{p}}\leq B\leq A\leq B^{t}\#\frac{1-l}{\mathrm{p}-k}A^{p}$
for $t\leq 0$ and $p\geq 1$ .
$log-maj_{\mathit{0}}riZati\sigma n$ [13]
grand Furuta $inequality[16]$
979 1997 15-21 15
Grand Furuta inequality : If $A\geq B\geq 0$ and $A$ is invertible, then for each $t\in[0,1]$ , and $p\geq 1$ ,
$F_{\mathrm{p}},t(A, B, r, S)=A^{-\frac{r}{2}} \{A^{\frac{f}{2}}(A^{-_{\mathfrak{T}}}B^{\mathrm{p}}At-\frac{t}{2})^{s}A^{\frac{f}{2}\}^{\frac{1-t+\mathrm{r}}{(p-t)S-\vdash \mathrm{r}}}}A^{-\frac{f}{2}}$
is a decreasing function of both $r$ and $s$ for any $r\geq t$ and $s\geq 1$ , and the following inequality holds:
$A^{1-t}=F_{p,t}(A, A, r, S)\geq F_{p,t}(A, B, r, S)$




$\alpha- p\sigma\omega er$ mean [8]
Theorem 1. If $A\geq B\geq 0$ and $A$ is invertible, then
$A^{-r+t}\#_{\frac{1-t+r}{(p-C\rangle s+r}}(A^{t}\mathfrak{h}_{s}B^{p})\leq B\leq A$
for $p\geq 1,$ $s\geq 1$ and $1\geq t\geq 0$ .
$A \mathfrak{h}_{s}B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA-_{\varpi}^{1})^{s}A\frac{1}{2},$$s\in R$ $s\in[0,1]$ $\alpha-per$ mean –
$F(r, S)=A^{-r+t}$ a $\frac{1-t+r}{(p-,)l+\Gamma}.(A^{t}\mathfrak{h}_{\mathit{8}}B^{p})\leq B\leq A$
$F(r, s)=AzF_{p},t(At, B, \Gamma, s)A^{\frac{\ell}{2}}$ $F(r, s)$ $r,$ $s$ decreasing
$A^{t}\#_{\mathit{8}}B^{\mathrm{p}}$ operator mean







Lemma 1 $(\mathrm{K}\mathrm{r}\mathrm{u}\mathrm{t}\mathrm{a}[\mathrm{l}\mathrm{a}])$. Let $A$ and $B$ be positive invertible operators. Then for any real number $s$ ,
$(ABA\rangle^{s}=AB^{\frac{1}{2}}(B^{\frac{1}{2}}A^{2}B^{\frac{1}{2}})^{\epsilon-1}B^{\frac{1}{2}}A$.
lemma Lemma 1 operator mean
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Lemma 2. Let $A$ and $B$ be positive invertible operators and $A\geq B$ . Then for $1\leq s\underline{<}2$ and $t\in[0,1]$ ,
$A^{t}\#_{\mathit{8}}B^{\mathrm{P}}\leq B^{(p}-t)_{\theta+}t$ .
Proof of Theorem 2. It is sufficient to show that
$(A^{t}\mathfrak{h}_{2^{k_{\theta}}}B^{p})^{(-}\mathrm{p}t)\infty 2^{k}S+t\leq B$
for $1\leq s\leq 2$ and $k=1,2,$ $\ldots$ .
Lemma 2 is the case of $k=0$ . Let $p_{1}=s(p-t)+t$ and $B_{1}=(A^{t}\mathfrak{h}_{s}B^{p})^{\mathrm{p}_{1}}\perp$ .
Inductively, put $p_{k+1}=2^{k}s(p-t)+t$ and $B_{k+1}=(A^{t}\mathfrak{h}_{2^{k_{S}}}B^{p})^{\frac{1}{\mathrm{p}_{k+1}}}$ for $k=1,\underline{9},$ $\ldots$ .
Then $p_{k+1}=2(p_{k}-t)+t$ and
$B_{k+1}.=(\Lambda^{t}\mathfrak{h}_{2}(A^{t}\mathfrak{h}_{2^{k-1}}sB^{p}))^{\frac{1}{\mathcal{P}k+1}}=(A^{t}\mathfrak{h}_{2}B_{k}^{p_{k}})^{\frac{1}{\mathcal{P}k+1}}$ .
If $B_{k}\leq A$, then applying Lemma 2,
$B_{k+1}=(A^{t}\mathfrak{h}_{2}B_{k}^{\mathrm{p}k})^{\frac{1}{2\langle \mathrm{p}_{k}-l)+t}}\leq B_{k}$
so we have the conclusion by induction.
[20] $r\leq 0$
[22]




$\mathrm{F}.\mathrm{F}$ .K. If $A\geq B\geq 0$ , then for $2 \leq\frac{1-t}{p-t},$ $\frac{1}{2}\leq p\leq 1$ and $0\leq t<p$)
$A^{t}\mathfrak{h}_{\frac{1-t}{\mathrm{p}-t}}B^{p}\leq A$
[17]
Theorem 3. Let $A\geq.\cdot B\geq 0$ and A. is invertible, then
( $1\rangle$ for $0 \leq t<p\leq\frac{1}{2}$ ,
$A^{t} \#_{p-}\underline{2}_{\mathrm{L}^{-}}\frac{t}{t}B^{P}\leq B2p\leq A2p$ ,
(2) for $0\leq t<p\leq 1$ and $\frac{1}{2}\leq p$,
$A^{t}\mathfrak{h}_{\frac{1-t}{p-t}}B^{\mathrm{p}}\leq B\leq A$ .
– [6]
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Theorem $\mathrm{F}.\mathrm{F}$ .K. Let $A\geq B\geq 0$ and $A$ is invertible.
(1) If $0 \leq t<p\leq\frac{1}{2}$ , then
$G(\beta)=(A^{t}\mathfrak{h}_{\frac{\beta t}{\mathrm{p}-\mathrm{t}}}B^{p})^{\lrcorner}2\rho^{\mathrm{i}}$
is decreasing for $\beta\geq 2p$. Especially for $\beta=1$ , the following holds;
$(A^{t}\mathfrak{h}_{\frac{1-l}{p-l}}B^{\mathrm{p}})^{2\rho}\leq A^{t}\# 2\infty_{\frac{t}{t}}-p-B^{\mathrm{P}}\leq B^{2}p\leq A2p$ .
(2) If $0\leq t<p\leq 1$ and $\frac{1}{2}\leq p$, then
$F(\beta)=(A^{t}\#_{p}\mathrm{g}_{-}^{-\mathrm{t}}B^{p})^{\frac{1}{\beta}}$
is decreasing for $\beta\geq 1$ . Especially for $\beta=2p$, the fouowin$\mathrm{g}$ holds;
$(A^{t}\mathfrak{h}_{\underline{2}\mathrm{p}}\epsilon_{\frac{-t}{-t}}B^{p})^{\Gamma^{1}}p\leq A^{t}\#_{\frac{1-t}{p-t}}B^{p}\leq B\leq A$.







Definition. Let $A$ and $B$ be positive invertible operators. If $\log A\geq\log B$ , then we denote $A>>B$
and call the chaotic order.
[1] chaotic order
Theorem(Ando). Let $A$ and $B$ be positive invertible operators. Then the following are equivalent.
(1) $A>>B$ ,
(2) $A^{p} \geq(A^{1\mathrm{i}}2B^{\mathrm{p}}A^{E}2)\frac{1}{2}$ , for $p\geq 0$ ,
(3) $A^{-p}a \frac{1}{2}B^{\mathrm{p}}$ is decreasing for $p\geq 1$ .
$[4],[7]$
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Theorem 4. If $A,$ $B$ are positive and invertible, then $A\gg B$ if and only if for $p\geq 0,$ $t\leq 0$ ,
$A^{\mathrm{t}}a_{\frac{-t}{p-t}}.B^{p}\leq I$ holds.
chaotic order Sateffite $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$
Corollary. If $A\gg B$ , then $A^{t}a\underline{1-t}B^{\mathrm{p}}\leq B$ .




Theorem 5. If $A,$ $B$ are positive,invertible and $\delta\in[0,1]$ , then $A^{\delta}\geq B^{\delta}$ if and only if $A^{t}a_{\frac{\delta-\mathrm{f}}{\mathrm{p}-l}}B^{p}\leq A^{\delta}$
holds for $p\geq\delta$ and $t\leq 0$ .





$A^{t}a_{\frac{1-\mathrm{t}}{p-\ell}}B^{p}\leq B\leq A\leq B^{t}\#_{\frac{1-l}{p-l}}A^{p}$
(Theorem 5)
$A^{t}\#_{\frac{\delta-t}{p-\mathrm{t}}}B^{p}\leq B^{\delta}\leq A^{\delta}\leq B^{t}a_{\frac{\delta-t}{\mathrm{p}-l}}A^{\mathrm{p}}$
(chaotic order)
$A^{t}\#_{\frac{-t}{p-t}}B^{p}\leq 1\leq B^{t}a_{\frac{-t}{p-l}}.A^{\mathrm{p}}$
strictly chaotic order (i.e. $\log A>\log B$)
$[9]_{\text{ }}$
Theorem 6. If $A,$ $B$ are positive invertible, then $\log A>\log B$ if and only if there exists an $\alpha\in(0,1]$
such that $A^{\alpha}>B^{\alpha}$ .
Proof. Assume $\log A>\log B$ . Since the fimction $\frac{x^{\alpha}-1}{\alpha}$ is monotone increasing for $\alpha\in[-1,1](\mathrm{C}\mathrm{f}.[18|)$ ,
$x^{\alpha}-1$
we have lm $-=\log x$ uniformly. For $\log A-\log B\geq\epsilon>0$, there exists $\alpha$ such that
$\alphaarrow 0$ $\alpha$
$|| \frac{A^{\alpha}-1}{\alpha}-\log A||<\frac{\epsilon}{3}$ and $|| \frac{B^{\alpha}-1}{\alpha}-\log B||<\frac{\epsilon}{3}$ . . . $d$.
$\dot{A}^{\alpha}-B^{\alpha}$
$=$ $\alpha\{(\frac{A^{\alpha}-1}{\alpha}-\log A)+(\log A-\log B)+(\log B-\frac{B^{\alpha}-1}{\alpha}\rangle\}$
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$\geq$ $\alpha\{\epsilon-(||\frac{A^{\alpha}-1}{\alpha}-\log A||+||\frac{B^{\alpha}-1}{\alpha}-\log B||)\}$
$\geq$ $\alpha(\epsilon-\frac{\epsilon}{3}-\frac{\epsilon}{3})$
$=$ $\frac{\alpha\epsilon}{3}$ .
The converse is easy.
chaotic order $(\log A\geq\log B)$ Theorem 6
Corollary 7. For positive invertibleoperators $A$ and $B,$ $A\gg B$ if and only if for any $\delta\in(0,1]$ there
exists an $\alpha=\alpha_{\delta}$ such that $(e^{\delta}A)^{\alpha}>B^{\alpha}$ .
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